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Loophole-free test of local realism via Hardy’s violation

Si-Ran Zhao,2 Shuai Zhao,?> Hai-Hao Dong,l’2 Wen-Zhao Liu,!-2
Jing-Ling Chen,* Kai Chen,"?> Qiang Zhang,"?> and Jian-Wei Pan'-2>

YHefei National Research Center for Physical Sciences at the Microscale and School of Physical Sciences,
University of Science and Technology of China, Hefei, 230026, China
2CAS Center for Excellence in Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei, 230026, China
3School of Cyberspace, Hangzhou Dianzi University, Hangzhou 310018, China
4Theoretical Physics Division, Chern Institute of Mathematics, Nankai University, Tianjin 300071, China
SHefei National Laboratory, University of Science and Technology of China, Hefei, 230026, China

Bell’s theorem states that quantum mechanical description on physical quantity cannot be fully explained
by local realistic theories, and lays solid basis for various quantum information applications. Hardy’s para-
dox is celebrated to be the simplest form of Bell’s theorem concerning its "All versus Nothing" way to test
local realism. However, due to experimental imperfections, existing tests of Hardy’s paradox require additional
assumptions of experimental systems, which constitute potential loopholes for faithfully testing local realistic
theories. Here, we experimentally demonstrate Hardy’s nonlocality through a photonic entanglement source. By
achieving a detection efficiency of 82.2%, a quantum state fidelity of 99.10% and applying high speed quantum
random number generators for measurement setting switching, the experiment is implemented in a loophole-free
manner. During 6 hours of running, a strong violation of Pyurqy = 4.646 X 10~* up to 5 standard deviations is
observed with 4.32 x 10 trials. A null hypothesis test shows that the results can be explained by local realistic
theories with an upper bound probability of 1019348 These testing results present affirmative evidence against
local realism, and provide an advancing benchmark for quantum information applications based on Hardy’s

paradox.

PACS numbers: 03.65.Ud, 03.67.HK, 03.67.-a

The advent of Quantum Mechanics has exerted a profound
impact on our understanding of world. While, it is so counter-
intuitive that there exist severe controversies for quantum the-
ory, such as Einstein-Podolosky-Rosen’s (EPR’s) argument
on the completeness of quantum description on physical re-
ality [1]. At the heart of EPR’s argument is the paradox be-
tween the probabilistic description by quantum theory and the
deterministic description by classical theory on physical real-
ity. To explain the probabilistic behavior of quantum theory
from classical perspective, Bohm proposed the local hidden
variable (LHV) model [2]. Later, Bell presented an inequal-
ity as a test whether the quantum behavior can be explained
by the LHV model [3, 4]. For quantum theory, the violation
of a Bell inequality can be achieved, which indicates that the
results from quantum theory cannot be fully explained by the
LHV model. This phenomenon is known as Bell nonlocal-
ity [5]. The experimental demonstrations of the Bell nonlo-
clality along the routine of Bell inequalities have been con-
ducted soon after its derivation [6, 7], and recently have been
pushed into the regime of loophole-free realization [8—13],
which promote a vast range of device-independent (DI) ap-
plications [14-32].

Besides Bell inequalities, there exist other approaches to
demonstrate nonlocality, i.e. Bell’s theorems without inequal-
ity which are emerged since the Greenberger-Horne-Zeilinger
(GHZ)’s theorem [5, 33, 34]. The GHZ’s theorem pioneers an
"All versus Nothing (AVN)" way to test local realism. While,
at the very beginning, it’s only applicable to three or more-
party quantum systems. Soon after, Hardy’s paradox is pro-
posed as a "simplest version of Bell’s theorem" by simultane-
ously keeping the "AVN" feature and being applicable to two-

party systems [35, 36]. Specifically, Hardy’s paradox is inter-
preted as that the conditions P(00|A2B,) =0, P(01]AB,) =0,
P(10|A2B;) = 0, which must lead to P(00|A;B;) = 0 for
LHV models. While, it can maximally achieve Hardy’s
value P(00|A|B,) = 5‘/%” by quantum theory [35]. Here,
P(ab|xy) is the joint probability involving two parties, Alice
and Bob, with x € {A},4,} and y € {B,B,} being measure-
ment inputs and a,b € {0, 1} being measurement outputs for
Alice and Bob, respectively [5]. Along with this fundamental
interest, Hardy’s paradox also finds its applications in quan-
tum information processing including DI dimension witness,
DI quantum randomness certification, DI quantum key distri-
bution, self-testing of quantum systems and so on [37-42].

Despite great efforts have been made by experimentalists
[43-50], loophole-free Hardy’s paradox test is still missing,
which limits significantly its related quantum information ap-
plications. In this letter, we challenge the local realism with
Hardy’s violation by utilizing polarization-entangled photon
pairs with a high-fidelity of up to 99.10%, fast random ba-
sis choices, and high detection efficiency of around 82.2%
to obtain the joint probabilities of Alice and Bob. Specif-
ically, by simultaneously closing the locality loophole and
detection loophole and using high speed quantum random
number generators (QRNGs) to guarantee random measure-
ment setting choices, we demonstrate a Hardy’s violation of
Prardy = 4.646 x 10~* up to more than 5 standard deviations
with a set of events containing 4.32 x 10° trials during 6 hours
running time (For local realistic theory, the Hardy’s value
should be Pyaay < 0). By the null hypothesis test follow-
ing the prediction-based-radio (PBR) method [51], the upper
bound of the probability that local realistic theories can repro-



duce the observed Hardy’s correlation is p < 10716348 These
results provide strong evidence that the quantum mechani-
cal predictions cannot be described by local realistic theories.
Meanwhile, it serves as a benchmark for quantum information
applications based on Hardy’s paradoxes.

One of the main obstacles for loophole-free Hardy’s para-
dox test is that, compared with the Bell inequality tests, the
theoretical analysis remains incomplete. In practice, due to
imperfect detection efficiency 11 < 1, there are undetected
events, denoted as u. If one discards these undetected events,
it will result in a severe detection loophole. Here, to test lo-
cal realism with Hardy’s paradox without detection loophole,
we take these undetected events u into account. During each
trial, Alice and Bob choose one of two measurement settings,
respectively. The measurement results for Alice and Bob
are denoted as ternary elements a,b € {0,1,u} respectively.
Inspired by References [52, 53], when Hardy’s conditions
P(00]|A2B;) = 0, P(01|A1B2) = 0 and P(10]|A2B;) = 0 are
satisfied, there must be Hardy’s value Pyaray = P(00|A1By) —
P(0u|A1B;) — P(u0|A2B;) < 0, for local hidden variable mod-
els. While, it can achieve positive Hardy’s values for quantum
theory with

ok, () =5 [1 /T +4n (30~ 2)]
+3n[1-3n++/14+4n(3n -2)],

for n € (2/3,1] (See Appendix. A for details).

Besides the imperfect detection efficiency, due to the dark
counts of detectors and multiple pairs of photons from the en-
tangled source, there are also some double clicks events in
practical experiment, which correspond to the case where both
the result 1 and O are obtained simultaneously in a single lab-
oratory. Here, in order to close the detection loophole, we
designate these double clicks events as inconclusive events u,
too. Moreover, due to such imperfections, zero Hardy’s con-
ditions are experimentally unattainable. Consequently, a form
of Hardy’s inequality P4y < 0 together with three Hardy’s
conditions are necessary for loophole-free Hardy’s paradox
test. Inspired by the strategy of tackling non-zero Hardy’s
conditions in References [54, 55], when Hardy’s conditions
P(OOlAng) =&, P(Ol ‘A]Bg) =& and P(10|A231) = &3 are
satisfied, there must be Hardy’s value
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for LHV models. Here, u denotes inconclusive events in-
cluding undetected events and double-click events, & with
i € {1,2,3} are small values for non-zero Hardy’s conditions.

Another obstacle is that, compared with the Bell inequal-
ity tests, the loophole-free Hardy’s paradox test requires even
higher detection efficiency and higher fidelity of entangle-
ment states. For example, with the system detection efficiency
(n = 78.8%) and quantum state fidelity (F' ~ 98.66%) of Ref-
erence [11], we show that the Hardy’s value should be less
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than 10~%, which is quite hard to be realized in a loophole-free
manner (See Appendix. A for detail). In the following sec-
tions, we experimentally demonstrate a loophole-free Hardy’s
inequality violation by quantum mechanics statistics as a para-
dox against local realistic theories.

Experiments.— The present Hardy’s paradox test is il-
lustrated in Fig. 1. With the pump laser of 780 nm, the
polarization-entangled 1560 nm photon pairs are generated
through spontaneous down conversion(SPDC) in the PPKTP
crystal within a Sagnac loop. Then the two photons of a pair
are transmitted to Alice and Bob’s laboratories through fiber
links for measurements. To close the locality loophole and
deal with the freedom-of-choice loophole [8—10], we design
a space-time configuration for our system, which is shown in
Fig. 2. Specifically, it’s necessary to space-like separate the
setting choices on one side (the first dots on the red bar and
blue bar denote the beginning of setting choice) from the mea-
surements output on the other side (the last dots on the two
bars denote the ending of the measurement), as well as from
the emission of pump photons (the coordinate origin denotes
the beginning of the emission of photons and the second dots
on the two bars denote the ending of setting choice) which
also can be seen as the emission of the hidden variable A.
The synchronization of the experimental system is achieved
by locking the seed laser for the pump light, the QRNG for
the setting choice and the time-digital convertor (TDC) for the
signal collection to the same clock. We carefully adjust the
relative delay between the QRNG and pump light to ensure
that the polarization of photons could be modulated when the
setting choice signal is applied to the Pockels cell at the same
time. Meanwhile, the Alice’s measurement station is sepa-
rated far apart from the Bob’s measurement station (93 m for
Alice from the source to her laboratory, and 90 m for Bob’s
case), and the length of optical fibers (129 m for Alice and
116 m for Bob) are set appropriately to ensure a time delay
of 627 ns and 563 ns respectively from photons’ generation to
detection.

Furthermore, as for the freedom-of-choice loophole, we
need to make sure that the random numbers used for mea-
surement setting choices are completely undisturbed and truly
random, i.e. the local hidden variables can not manipulate
the generation of random numbers. In principle, because that
there is an overlap between the backward light cones of two
QRNGs and pump laser, the independence and randomness of
Alice and Bob’s random numbers cannot be proven without
making any assumptions [9]. Here, the high speed QRNGs
we used could generate random numbers within a time inter-
val of 100 ns after receiving the trigger signal, and the delay
time can be flexibly adjusted to accommodate our space-time
configuration. A detailed space-time analysis in Fig. 2 shows
that locality loophole and freedom-of-choice loophole can be
simultaneously addressed by slightly abusing the assumption
on the independence in the generation of random numbers.

The measurements of Alice and Bob consist of Pockels
cells, half-wave plates (HWP), polarizing beam splitter (PBS)
in turn and finally superconducting nanowire single-photon
detectors (SNSPD). To distinguish the result 0, 1, and u exper-
imentally, we place two detectors on two output ports of the
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FIG. 1. Schematics of the experiment for loophole-free Hardy’s paradox. (a) Bird’s-eye view of the experimental apparatus: Alice and Bob are
located on opposite sides of the entanglement source, and the straight-line distance between Alice(Bob) and the source is 93+ 1(90+ 1) m
(b) Preparation of entangled photon pairs: Light pulses with a duration of 10 ns and a repetition rate of 200 kHz, generated by a 1560 nm seed
laser diode (LD), undergo amplification through an erbium-doped fiber amplifier (EDFA). Subsequently, the pulses are frequency-doubled
using an in-line periodically poled lithium niobate (PPLN) crystal. The remaining 1560 nm light is eliminated by a wavelength-division
multiplexer (WDM) and spectral filters. Two 780 nm quarter-wave plates (QWPS) and a half-wave plate (HWP) before the Sagnac loop are
used to control the polarization of the pump laser thereby changing relative amplitude and phase of the created polarization-entangled photon
state.Then the 780nm pump photons are fed into the periodically poled potassium titanyl phosphate (PPKTP) crystal in the Sagnac loop consist
of two reflection mirrors (RMs) and a dual-wavelength polarizing beam splitter (PBS) to generate the polarization-entangled photon pairs of
1560 nm. After the Sagnac loop, we use dichroic mirrors (DM) to remove the residual 780 nm pump laser. Then the entangled photons are
collected into optical fibers by coupler and transferred to Alice and Bob in the opposite sites for polarization projection and measurements.
(c) Single-photon polarization measurement: At the measurement side, the photons pass through the fiber, and then undergo polarization state
measurements. The setup for performing single-photon polarization measurements comprises a Pockels cell, QWP, HWP, and PBS, and are
finally collected into a single-mode optical fiber for detection by superconducting nanowire single-photon detectors (SNSPDs). There are
two SNSPDs at each side to collect the photons transmitted and reflected at the PBS. The measurement settings choice is performed under a
Quantum Random Number Generator (QRNG), which is triggered by a 200 kHz signal and generates a random output with a 1:1 ratio of 0 and
1. Here, 0 corresponds to a low voltage and 1 corresponds to a high voltage. After the random signal is generated, it is applied to the Pockels
cell, which modifies the polarization measurement by exerting different influences on polarization at different voltage levels. The time-digital
convertor (TDC) is applied to keep track of the photon detection and random number generation events.

PBS and label the clicks on transmission and reflection paths
as 0 and 1, respectively. Besides, we denote the undetected
events (absence of detector clicks) and double-click events
(i.e., clicks on both detectors) at one station as u. The sys-
tem heralding efficiencies are measured to be 82.1% £0.2%
(82.4% £ 0.2%) of transmission (reflection) path for Alice,
and 82.1% £+ 0.2% (82.2% + 0.2%) of transmission (reflec-
tion) path for Bob, using the SNSPDs with efficiency higher
than 96%. The heralding efficiencies are determined by the
ratio of twofold coincidence events to single counts, which
corresponds to the total events detected by a single detector
directly measured across the entire system without account-
ing for any losses. These efficiency significantly surpass the
record values in previous loophole-free Bell tests with pho-
tons (see Table. I). Furthermore, the efficiencies of two paths
at each measurement site are adjusted to be close, as any dis-
crepancy in efficiencies can be interpreted as a change of the
measurement bases (because this offset affects the ratio of the

probabilities of detecting photons in the transmission and re-
flection paths). And we employ Hardy’s inequality of the form
Eq. 2 which has taken all detection events into consideration
and inherently closes this loophole.

To observe the Hardy’s nonlocality in this experiment,
the quantum state |y(0)) = cos(0)|HV) +sin(0)|VH) and
measurement settings A; = cos(6y,)0; + sin(6y,)0y, Bj =
cos(6p;) 0; +sin(6p;) O, i, j € 1,2 are pre-optimized for the
overall efficiency n4(np). Specifically, in the optimization,
we set the detection efficiency to be n = 82%, the corre-
sponding quantum state, Alice and Bob’s measurement set-
tings are optimized to be 6 = 0.2764, {64, = —2.8417,6,, =
2.1628} and {6, = 0.2999,05, = —0.9788} in radian, re-
spectively. (See Appendix. A for details). In the implemen-
tation, we measure the visibility to be 99.5% and 98.4% in
horizontal/vertical basis and diagonal/antidiagonal basis, re-
spectively. Further, we characterize quantum state by the
state tomography measurement, while the fidelity of the non-
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FIG. 2. Space-time diagram for the experimental events. The red
(blue) bar and dots represent the crucial time and node for Alice
(Bob)’s measurement. The coordinate origin denotes the beginning
of the emission of photon pairs. The orange line represents the space-
time relationship of photons propagation in the optical fiber (The
solid orange line represents the propagation of the photons generated
at the onset of the generation, while the dashed orange line repre-
sents the photons at the end of the generation). 7g = 10 ns is the du-
ration of generating entangled photon pairs. TornG 1,2 are the dura-
tions for QRNG to generate random bits to control the Pockels cells.
Tgelay 1,2 are the times required between the random bits’ generation
and transferred to Pockels cells. Tpc 1 are the preparing time for the
Pockels cells to be ready for projection measurements after obtain-
ing random bits from QRNGs. Ty, are the duration for SNSPDs
to output electric signals. TornG 1 = TQrRNG 2 = 96 1, Tyelay 1 = 270
ns, Tdelay 2= 230 ns, Tpc1 = 112 ns, Tpco = 100 ns, Tm1 = 55 ns,
Tm2 = 100 ns. The linear distance between Alice (Bob) and the
source is 93+ 1 (90+ 1) m, and the corresponding fiber length is 129
(116) m.

TABLE I. Efficiencies and fidelity in existing photonic experiments
of loophole-free Bell tests and related applications. The efficiencies
are averaged over Alice’s and Bob’s detection efficiency.

Label Experiment Year Type |Efficiency Fidelity
(€)) Shalm eral. [9] 2015 Bell test | 75.15%
(2) | Giustina et al. [10] 2015 Belltest | 77.40%
(3) |Bierhorst et al. [21] 2018 QRNG | 75.50%
O] Liuetal [22] 2018 QRNG | 78.65%
5) Lietal [11] 2018 Belltest | 78.75% 98.66%
(6) | Zhangetal [23] 2020 QRNG | 76.00%
(7) | Shalmetal [24] 2021 QRNG | 76.30%
®) Li et al. [25] 2021 QRNG | 81.35%
) This work 2023 Hardy test| 82.22% 99.10%

maximally polarization-entangled state is 99.10% (see See
Appendix. B for more details). To reduce the dark count,
both the window in which Alice and Bob record detec-
tion events is set to 15 ns, which is centered on the ex-
pected arrival time of Alice and Bob’s photons. The av-
erage dark count in this window is less than 5 counts per
second. After a stable execution of 6 hours with 4.32 x
10° trials, as shown in Fig. 3, the observed probabilities in
the Hardy’s paradox test are & = P(00|A2B;) = (1.120 +
0.136) x 1074, &, = P(01|A1B;) = (1.578 £0.162) x 1074,
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& = P(10|A2B;) = (1.818 £0.171) x 1074, P(0u|AB,) =
(1.157 4 0.052) x 1073, P(u0|A2B;) = (1.154 4 0.056) x
1073, and P(00|A;B;) = (3.22740.199) x 10~3. These prob-
abilities result in a positive Hardy’s value Pyagy = 4.646 X
10~* based on the Eq. 2, which is more than 5 standard devi-
ations according to the observed statistics (here the standard
deviation is 6 = 7.771 x 1079).
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FIG. 3. Bar chart of the six joint probabilities for the present Hardy’s
paradox. The height of each bar shows the value of the corresponding
joint probability. The last three bars represent three Hardy’s condi-
tions, which are small quantities relative to the other probabilities.
For the height of the first bar representing P(00|A;B1) higher than
the sum of the other five bars, the Pyyay is positive. These results
present strong evidence against local realism

To quantify the statistic significant of the Hardy’s viola-
tion, we conduct a hypothesis test of local realism with the
prediction-based ratio (PBR) method of analysis which allows
to analyze the experimental results without assuming indepen-
dent and identical conditions [51]. The null hypothesis is that
the experimental results can be accounted for by local hid-
den variable models. The maximal probability that the ob-
served experimental results comply with the null hypothesis
is quantified by a statistical p value. Under the PBR analy-
sis, our demonstration show that the p value is upper bounded
by 1071638 which is extremely strong evidence against local
realism (See Appendix. C for more details).

Discussion and Conclusion.— We have presented a refine-
ment over the theoretical analysis on loophole-free demon-
stration of Hardy’s paradox. By applying high detection ef-
ficiency, high fidelity entangled photon source, fast QRNGs,
and space-like separating the events corresponding to mea-
surement setting choices, entangled state preparations and
photon detections, we have simultaneously closed the local-
ity loophole, and addressed the freedom-of-choice loophole in
the experiment. Combining the strategy of treating double-
click events to be inconclusive events and the local hidden
variable model under imperfect detection efficiencies, the de-
tection loophole is also closed in our experiment at the mean
time.

After a stable execution of 6 hours, a positive Hardy’s value
Prardy = 4.646 x 10~* is observed up to more than 5 standard
deviations. Based on a null hypothesis test, the p value that



the possibility our results can be explained by local realistic
theories doesn’t exceed 10719348, Therefore, our experiment
shows significant evidence that quantum mechanical descrip-
tion on physical quantity cannot be accounted for by local re-
alism. Besides this fundamental interest, these results help
to achieve a milestone for quantum information applications
based on Hardy’s paradox.
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Appendix A: Optimal quantum state and measurement settings under imperfect detection efficiency

At the beginning of the experiment, we optimize the quantum state and measurement settings by considering imperfect system
detection efficiency 1 € [0,1]. Following the formalism in the original Hardy’s paradox [35], the two-qubit entangled state is

modeled as

[¥(0)) = cos(0)]|01) +sin(6)|10), (AD)

where 6 € [0, 7] is an adjustable parameter. When 6 = 7,

the quantum state becomes a maximal entangled state. For Alice and

Bob’s binary observables {A,A;} and {B,B,}, corresponding projectors are

I, = A7) (AT,
I}, = B8] 2
with i, j € {1,2} and a,b € {0, 1}. Firstly, we take the basis vectors for Alice and Bob’s measurements A, and B to be
|A9) = B2[0) + | 1),
|43) = 02[0) — B |1),
and (A3)

|BY) = —05[0) + Ba| 1),
|By) = Ba|0) + a2 |1).

Without loss of generality, we have taken amplitudes o, and 3, to be real. Then, the state in the Eq. A1 can be rewritten as

[%(6)) =[cos(6)B5 — sin(8)3]|A3)|B3) + [cos(6) 0By + sin(8) 0 Ba] |43) [ B)) (Ad)
+ [cos(8) anf; +sin(6) 02 Ba]|A2) | B) + [cos(6) a3 — sin(6) B]|A3)|BS).
By taking the first term of Eq. A4 to be
cos(8)B7 —sin(8) o =0,
we have
2 2
¥ = CO(:EG) - sin(20)' (A5)
Considering o3 + 5 = 1, k is taken to be k = L and & = k+/cos(8), B> = k+/sin(8). Thus, the first Hardy condition

cos(6)+sin(0)
is satisfied,

P(00|A2B,) =

Tr(IT), @ TI, |¥) (¥]) = 0. (A6)

Here, the k, o, and B, have been taken as positive parameters without loss of generality. Then, the state in the Eq. A4 becomes

= 4/sin(0) cos( |A0 Y|BY) +/sin(6) cos(6)|AY)|BL) +

sin(6) cos(

=| |AO )+ /cos(0) —sin(0)]|A1)] -

cos(0) —sm(
sin(@) cos(0)
~ cos(8) —sin(0) 143)13)-

[cos(6) — Sin(e)]lAiHBb

sin(6) cos(6 BY) + \/cos(8) = sin(8)[BL)]
| ++/cos( sin(0)|B,)] (A7)

cos(0) —sin(0)




Now, we choose the observable basis vectors for Alice and Bob’s measurements A; and Bj to be
A7) = —B11A3) + au|A3),
A1) = ou|A3) + Bi1A2),
and (A8)
|BY) = —B1|BS) +ulBy),
|BY) = ou|B3) +Bu|B3).

with o) = \/1 C(?Ob Slzn Bi = \/Clos oot S'"SE:) and N = %. Then, the state in the Eq.A7 becomes
W) = N(JA])|BY) — o |A3)|BY)). (A9)
Then, in measurement settings A, B>, A| B, A2B and A1 By, respectively, the quantum state can be rewritten as follows
W) = N(ouBi|A9)|BS) + ou Bi|A3)|BY) + BE|AD)|B))), (A10a)
W) = N[|A7)(0u|B3) + Bi|B)) — o (—Bi]AY) + 0u |A1))|B)], (A10Db)
¥) = N[(culAD) + Bi]A3))|BY) — of|AD) (=B |BY) + ou[B1))], (A10c)
W) = N[|A])|B) — of (—Bi|A]) + o |A])) (=B |BY) + o |BY))] (A10d)

From the Eq.A10a, Eq.A10b and Eq.A10c, we have P(00]A2B;) =0, P(01|AB;) =0, and P(10|A,B;) =0, respectively. While,
from the Eq.A10d, we have

P(00]A1B) = [(A{B)|¥)|* = [Nai BT | (Al1)

The Hardy’s value P(00|A;B1) can achieve a non-zero value. By considering that A; = ITj —TT} and B; = IT —Tlp , the
Eq. A3 and Eq. A8 present the solution for the original Hardy’s paradox with Hardy’s value in Eq. A11 under the quantum state
Eq. Al. This certifies the nonlocality through the original Hardy’s paradox.

To accommodate the situation with imperfect detection, we assume that detectors in Alice and Bobs’ laboratories are sym-
metric with efficiency 1. When considering imperfect system detection efficiency 17, we would like to claim that the zero Hardy
conditions P(00|A2B;) =0, P(01|AB;) = 0, and P(10|A;B;) = O still hold. The difference is that there will occur undetected
events # in both Alice and Bob’s laboratories. Inspired by the Ref. [53], this situation can be analyzed with the help of the LHV
model presented by Eberbard [52]. Based on the above analysis, the observable basis vectors are

1A9) = ! (1/sin(0)]0) + +/cos(6)|1)),
cos(0) +sin(0
. (A12)
A}) = )[0) — v/sin(6)]|1
‘ 2> \/m COS ‘ Sln( )| >)
and
1
BY) = 0
e OETTIC (—V/cos(8)[0) +/sin(6)|1)),
1 (A13)
|B)) = \/sm )|0) + +/cos(6)|1)),
\/cos(8) +sin(0
and
49) = 1 (sn(6)"/%10) — cos(8)/*|1)),
\/COS(G)S—Sin(9)3
(A14)

1

= (cos(8)*210) +sin(6)*/?[1)),
\/005(6)3 —sin(0)*




and
B) = - (cos(8)"%10) + sin(6)*"|1),
\/005(9)3 —sin(0)*
| (A15)
BY) = (—sin(6)*2[0) +cos(8)*?|1)).
\/cos(G)3 —sin(0)*
In this case, the angles for Alice and Bob’s measurements should be
_cos(6) 1/, _/sin(8)
tan(eAz/z) - ( sm(G) ) ’tan(GBz/z) - (COS(G)) 9 (A16)
_c0s(0) 3 _(sin(6) 3/
tan(eAl/z) - (sm(G) ) ’tan(eBl /2) - (COS(G)) ’

where e.g. A; = cos(04,)0; +5sin(6y,) oy = l'[g’_ - H}‘i and B; = cos(GBj) o, + sin(GBj) Oy = 1'[%,, - H};]_. When the measurements
for Alice and Bob are taken as above, the Hardy’s conditions can be directly satisfied '

P(00|A2B;) = O,P(01|A132) = O,P(lo‘AzBl) =0. (A17)

Further by considering the effect of imperfect detection efficiency, one has,

ALY = VIIAS) +/T— A",

; ; - (A18)
BY) = VAIBD) + v/ T=nB)"),

here, |A;a’“> (|B/jb’“>) are vectors corresponding with un-detected events and orthogonal to |A;.“> (|B?)). Thus, there will be
inconclusive events that should be taken into consideration in Hardy’s test. According to the Ref. [53], the Eberhard inequality
can be used to analyze the effect of non-perfect detection for experimental Hardy’s test. Specifically, when Hardy’s conditions
are satisfied, the LHV model should satisfy the following constraints

P(OO|A131)—P(OM|A132)—P(MO|A231) SO. (A19)
From Eq. A10d, Eq. A10b, Eq. A10c and Eq. A18, we have

cos(0)sin(8)(cos(6) —sin(H)) P

P(00]A;B) = n?| T—cos(8)sin(0)

)

B B [cos(0)sin(B)]?
_ B [cos(8)sin(0)]?
PlublAsB1) =n(1=m) 1 —cos(8)sin(0)
Defining the following function of 6 and 7,
Piiardy (0,M) = P(00|A1B1) — P(Ou|A|Bs) — P(u0|A>By). (A21)

When the maximal violation of Hardy’s paradox is achieved and considering 6 € [0, 7], there should be

aPHardy(Gan) 1 . 67] —1
— —— =], A22
56 0=20 5 aresin 3 1 (A22)

Recalling the Eq. A16, this gives the optimal quantum states and observables at given different detection efficiency 1. The
maximal violation at detection efficiency 7 is termed as

1
Hardy (1) = 5[1 —/14+4n(3n-2)]+3n[1 -3n++/1+4n(3n -2)]. (A23)

For the quantum state in the Eq. A1, there will be positive Hardy’s values Pgﬁly > 0 only when 1 > % In Table II, we present
the optimal quantum states and observables together with maximal Hardy’s values at detection efficiencies around 1 = 82%.



T] 9A1 9A2 GBI 932 9 P(OO‘Asz) P(O]‘Ale) P(]OlAzBl) P(OO‘A]B]) P(OulAle) P(uolAzBl) PIT;):iy(n)
0.788 | —2.90572|2.22849|0.235875| —0.913103|0.236716 0 0 0 0.029457 | 0.011246 | 0.011246 |0.00696561

0.8 |—2.88135|2.20203|0.260239 | —0.939565|0.252261
0.81 | —2.86136(2.18172|0.280231|—0.959875| 0.2646
0.82 | —2.84165|2.16277| 0.29994 | —0.97882 |0.276432
0.83 | —2.82223]2.14503|0.319365| —0.996562|0.287797
0.84 | —2.80308|2.12835|0.338509| —1.01324 |0.298732
0.85 | —2.78422|2.11262|0.357376| —1.02897 | 0.30927

0.033588 | 0.012326 | 0.012326 |0.00893709
0.037038 | 0.013117 | 0.013117 | 0.0108044
0.040478 | 0.013798 | 0.013798 | 0.0128816
0.043894 0.01436 0.01436 | 0.0151737
0.047274 | 0.014794 | 0.014794 | 0.0176853
0.050606 | 0.015093 | 0.015093 | 0.0204202

(=}l o] o] o)
o|o|o|o|o|o
o|o|o|o|olo

TABLE II. Optimal quantum states and measurement setting versus detection efficiency 1. In the optimization, the detection efficiency for
detectors in Alice and Bob’s laboratories is assumed to be symmetric. The 8, 64, and 6p; with i, j € 1,2 are parameters for the quantum state,
Alice’s measurement settings and Bob’s measurement settings, respectively.

In the experiment, apart from detection efficiency, there exist other system parameters that influence the maximal violation
of Hardy’s paradox, among which the fidelity of the state and the average photon number per pulse are of utmost importance.
We conducted simulations for these variables as well to guide our parameter selection in the experiment. The entangled photon
pairs are prepared using an SPDC source, the pulses of which may include the vacuum and multiple pairs of photons besides
single pair of photons. We assume that the probabilities for the component of n pairs of photons in the output of an SPDC source
follow the Poisson distribution,

P(n) = —e ¥, (A24)

where 1 is the mean photon number in the output of the SPDC source. For each pair of photons, the experimentally prepared
quantum state may be imperfect that could deviate from the one defined in Eq. Al. We use the Werner state to simulate the
prepared state. Which can be written as:

p = VIW(0)) (¥(0)|+ (A25)

where V is the visibility of the state, and the corresponding fidelity is F = (3V + 1) /4.
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FIG. 4. Hardy’s values versus fidelity for = 78.8% and 1 = 82%. The red point represent the Hardy’s value of 5.28 x 10~* for our system.

As shown in Fig. 4, we present the relations between Hardy’s value and fidelity under detection efficiencies 1 = 78.8%
and 82%. Here, n = 82% is the detection efficiency for parameter optimization in this work, which is slightly lower than the
system detection efficiencies in our experiment. 1 = 78.8% is taken from Ref. [11], which is one of the latest loophole-free Bell
inequality tests. From the results of Fig. 4, the theoretical Hardy’s value should be less than 10~® with the detection efficiency
(78.88%) and fidelity (98.66%) in Ref. [11]. While, for our system, the detection efficiency is around 82%, and the fidelity is
99.10%. We can realise a Hardy’s value of 5.28 x 10~ theoretically (the red point in Fig. 4).



Appendix B: Experimental Details
1. Modeling the inconclusive events

Recalling the schematic setup in the main text, there are two threshold single photon detectors on Alice’s (Bob’s) side. The
one on the transmission path after PBS corresponding to the result 0, and the other on the reflection path corresponding to 1.
Because of the imperfect detection efficiency, dark counts, the vacuum state and multiple photon pairs in the output of SPDC
source, there will be two kinds of inconclusive events that both two detectors on one side click or neither has a click. In this
experiment, in order to close the detection loophole, we treat both inconclusive events as u.

2. Quantum state characterization

To obtain the maximal Hardy’s values in our experiment, the quantum state is set to be the non-maximally polarization
entangled two-photon state cos(0.2764)|HV) + sin(0.2764)|VH) and we set the angles for single photon polarization state
measurement to be 04, = —2.8417,04, = —2.1628 for Alice, 0p, = 0.2999,60p, = —0.9788 for Bob (i.e. the optimized
quantum state and measurement settings for 1 = 82% in Sec. A). To create this quantum state in the experiment, we mea-
sure diagonal/anti-diagonal visibility in the bases set (7/4,—0.2764), (x/2 +0.2764,/4) for minimum coincidence, and in
the bases set (w/4,m/2 —0.2764), (0.2764,7/4) for maximum coincidence, where the angles represent measurement basis
cos(0)o; + sin(0)o; for Alice and Bob. Meanwhile, we perform the state tomography measurement on the non-maximally
entangled state. We use the maximum likelihood estimation of density matrices to calculated the fidelity to avoid the problem of
experimental inaccuracies and statistical fluctuations of coincidence counts.

We generate a formula for an explicitly “physical” density matrix, i.e., a matrix that has the three important properties of
normalization, Hermiticity, and positivity. This matrix will be a function of 16 real variables with t = {#|,12,...,t;¢} and is
denoted as p,(¢). For any matrix that can be written in the form G = T'T must be non-negative definite. The explicitly
“physical” density matrix p, is given by the formula

pp =T (OT())/T{T ()T (1)} (B1)
and it is convenient to choose a tridiagonal form for 7T :

t 0 0 0

T(t) _ 5+ it 153 0 0
t+ity t7+itg 13 0

t15+itig ti3+itia to+itig t4

(B2)

The measurement data consists of a set of coincidence counts n,, whose expected value is 77, = N(¢y|p|¢y). Here p is the
prepared quantum state. In our experiment 4 = 1,2,...,36, |¢,)(@y| is the operator of the projection measurement of the two-
photon state, and for each photon we measured in the bases |H), |[V),|+),|—), |R),|L), there are 36 projection measurements for
p, oy € [HH),|HV), ...... |RL),|RR). Assuming that the noise on these coincidence measurements has a Gaussian probability
distribution. Thus the probability of obtaining a set of 36 counts ny,n,...n3¢ is

5 (ny — 1)
P(nl,}’lz,...n%) = Hexp —272 (B3)
norm j—1| 0-/4

where oy, is the standard deviation for the n-th coincidence measurement (given approximately by /7;) and Ny is the
normalization constant. For our physical density matrix p,, the number of counts expected for the n-th measurement is

(11,1255 116) = N{Qulpp (11,12, - 116) | 9u) (B4)
Thus the likelihood that the matrix p,(t1,1, ...,t16) could produce the measured data ny,ns, ...,n3e is
1 N 1,02, t —ny)?
P(ny,ny,...n36) = Hexp —( (Qulpp(h1,t2 16)|94) = ) (B5)

Nnorm u=1 2N<¢u|Pp(f17f27---J16>|¢u>

Rather than to find the maximum value of P(¢1,1,...,116), it simplifies things somewhat to find the maximum of its logarithm
(which is mathematically equivalent). Thus the optimization problem reduces to finding the minimum of the following function:

& (N (Oulpp (1.2, 116) | 0) — )
L(tl,tz,---tm)—;:‘.l 2N (Pulpp(t1,t2y--est16) | Ou)

(B6)
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This is the “likelihood” function that we employed in our numerical optimization routine. The result is shown in Fig. 5, the state
fidelity is 99.10%. The coordinate axis labeled by HH, HV, VH and V'V for the density operatorp can be written as:

p = pui|HH)(HH|+ pro| HH)(HV| + ...+ paa|VV) (VV| (B7)

where p;; if the elements of the density operator matrix. The main imperfections are attributed to the multi-photon components,
imperfect optical elements, and imperfect spatial/spectral mode matching.

State Tomography(Real) State Tomography(Imaginary)

1.0

FIG. 5. (color online) Tomography of the prepared quantum state. The real and imaginary parts are shown in (a) and (b), respectively.

3. Spacetime configuration of the experiment

To rule out the locality loophole, space-like separation must be satisfied between measurement events at Alice and Bob’s
measurement stations, i.e., the setting choice and measurement outcome at one station must be space-like separated from the
events at the other station (see Fig. 6). Therefore, we then obtain

{ (ISA[+|SB|)/c > Tg — (Lsa — Lsg) /¢ + TornG1 + Tpetayt + Trc1 + Thz (BS)

(|SA|+[SB|)/c > Tg + (Lsa — Lsg) /¢ + TornG2 + Toelay2 + Tpc2 + T

where |SA| = 93 m (|]SB| = 90 m) is the free space distance between entanglement source and Alice’s (Bob’s) measurement
station. 7g = 10 ns is the generation time for photon pairs, which is mainly contributed by the 10 ns pump pulse duration.
Lss = 188 m (Lgp = 169 m) is the effective optical path that is mainly contributed by the 129 m(116 m) long fiber between the
source and Alice’s (Bob’s) measurement station. TprnG1 = Tprng2 = 96 ns is the time elapse for QRNG to generate a random
bit. Tperayt = 270 ns (Tperay> = 230 ns) is the delay between the random numbers being generated and delivered to the Pockels
cell. Tpc; = 112 ns (Tpcy = 100 ns) is the waiting time for the Pockels cell to be ready to perform state measurements after
receiving the random numbers, including the internal delay of the Pockcels Cells (62 ns, 50 ns) and the time for Pockcels cell to
stabilize before performing single photon polarization state projection after switching of 50 ns. Ty = 55 ns (T2 = 100 ns) is
the time elapse for SNSPD to output an electronic signal, including the delay due to fiber and cable length (in our experiment,
the fiber and cable used in Alice or Bob after the two coupler has the same length. The time difference caused by them is less
than 2 ns, so we neglect it in analysis). The electronic signals generated by SNSPD are considered clonable and thus represent a
definite classical entity. While the photon involved in the entangled state is considered unclonable according to quantum physics.
Therefore, we can reasonably assume that the photons collapse upon reaching the SNSPD, thereby concluding the measurement
of the photon at the SNSPD. In that sense, the collapse-locality loophole, which concerns where the measurement outcomes
eventually arise in space-time, was strongly tighten.



11

800
700
TMl
TMZ
TPCl ey
T
2 500 e
(=
T
£
Taelayr = 400
Taetay2
300
TornGL 200
Al TQRNGZ
ice . Bob
L Source TE L
-93 0 90
Distance(m)

FIG. 6. Space-time diagram for the experimental events. Tz = 10 ns is the generation time of entangled photon pairs. Toryg1,2 are duration
of times required to generate random bits to switch the Pockels cells. Ty,/qy1 2 are the delay time between the random bits being generated
and received by the Pockels cells. Tpc » are the waiting times for the Pockels cells to perform state measurements after receiving the random
bits. Tjyq > are the times taken by the single photon detectors to output electronic signals. TornGi = TornGz = 96 18, Tyeiay1 = 270 ns,
Tyelay2 = 230 ns, Tpcy = 112 ns, Tpcy = 100 ns, Ty = 55 ns and Ty, = 100 ns. Alice’s and Bob’s measurement stations are placed on
opposite sides of the source at distances of 93 m and 90 m, respectively. The effective optical length between Alice’s (Bob’s) station and the
source is 132 m (119 m). This arrangement ensures no signalling between relevant events in the experiment. The shaded areas are the future
light cones for the source, Alice’s and Bob’s laboratories.

Measurement independence between entangled-pair creation event and setting choice events is satisfied by the following
spacelike separation configuration:
|ISA|/c > Lsa/c — Tpelay 1 — Tpct, (BY)
ISB|/c > Lsg/c — Toelay 2 — Tpca-

We estimate the fiber length by measuring the reflection, the single photon arrives at the SNSPD and generates an electronic
response with high efficiency. However, with a small possibility, the photon is reflected by the SNSPD chip, travels to the
source, gets polarization rotated in the Sagnac loop, and then travels back to SNSPD, making the second click. We measure
the electronic cable length using a ruler. By subtracting the time for the signal passing through the fiber and cable, as well as
the delay caused by the discriminator, we estimate the effective fiber length between the Pockels cell and the SNSPD chip. The
measured fiber length, cable length, and discriminating time are summarized in Tab. III.

TABLE III. The fiber distances between Source and Measurement.

Source-PC PC-SNSPD SNSPD-TDC
Alice 129 m 11 m 4m
Bob 116 m 20 m 12 m

4. Determination of single photon efficiency

We use the heralding efficiency as the single photon efficiency in our experiment. The heralding efficiency is defined as
Na = C/Ng and 1 = C/Ny for Alice and Bob, Where C is the coincidence events and Ny, Np is the single events for Alice and
Bob measured in the experiment. The heralding efficiency is given by

N = Nsc X Nso X Nfiber X Mm X Ndet (B10)

where 7). is the efficiency to couple entangled photons into single mode optical fiber, 7y, is the efficiency for photons passing
through the optical elements in the source, 1y, is the transmittance of fiber connecting source to measurement station, 1, is
the efficiency for light passing through the measurement station, and 1, is the single photon detector efficiency. We list the
heralding efficiencies from the entangled photon source to detection stations, the transmission efficiencies of each intermediate
process, and the detection efficiencies of the detectors in Tab. V. We measure the transmission efficiencies of each process and
the detection efficiencies with classical light beams and NIST-traceable power metres,
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TABLE IV. The efficiencies of optical elements.

Optical element Efficiency
Aspherical lens 99.27% + 0.03%
Spherical lens 99.6% + 1.0%
Half wave plate (780 nm/1560 nm) 99.93% + 0.02%
Half wave plate (1560 nm) 99.92% + 0.04%
Quarter wave plate (1560 nm) 99.99% =+ 0.08%
Polarizing beam splitter (780 nm/1560 nm) 99.6% + 0.1%
Polarizing beam splitter (1560 nm) 99.6% + 0.2%
Dichoric mirror 99.46% + 0.03%
PPKTP 99.6% + 0.2%
Pockels cell 98.7% + 0.5%

TABLE V. Photon transmission and detection efficiencies in the experiment.

Parties n Mse Mso N fiver Mm Nder

Alicel 82.1% 04.3% 95.5% 96.0%
Alice2 82.4% : 95.9% 99% 95.6% 96.3%
Bobl 82.1% 04.0% : 95.2% 96.7%
Bob2 82.2% : 95.5% 96.5%

Appendix C: Experimental results
1. Test of local realism

To convincingly quantify the results of the experiment, we perform a hypothesis test of local realism. The null hypothesis is
that the experimental results can be explained by local realism. We use the p value obtained from test statistics to denote the
maximum probability that the observed experimental results can be obtained from local realism. Hence, we have to show that
our results correspond to a very small p value so that they can indicate a strong rejection of local hidden-variable models. We
apply the prediction-based radio (PBR) method to design the test statistics and compute the upper bound of the p value.

Denote Alice’s and Bob’s random settings distribution at each trial as p4(x) and pp(y) where x,y € {0,1}. We assume the
joint probability distribution of them py, is fixed and known before running the test. The measurement outcomes of Alice and
Bob at each trial are denoted by A and B with possible value a,b € {0,1,u}. In practice, we can only obtain the frequency of
different outcomes f = {n(abxy)/N,a,b =0,1,u;x,y = 0,1}, where n is number of trials the result (a,b,x,y) appears and N is
the number of the total experimental trials. So, at the beginning of the test, we have to use the maximum likelihood method to
find out the no-signaling distribution P\g = {pxypis(ab|xy),a,b = 0,1,u;x,y = 0,1} that has the minimum distance from the
observed frequency distribution f. When the trials is large enough, P{g can be close to the true probability distribution.

Particularly, we use the Kullback-Leribler (KL) Ref. [56] divergence to measure this distance because it’s the optimal asymp-
totic efficiency for rejecting the null hypothesis.

f(ab|xy) )
kL (f][Pns) a‘;’yP v/ (ablxy) logy (PNs(abPW) o

Hence, the optimal no-signaling distribution P{ is the solution of the optimization

min Dy (f]|Pns)- (C2)
Pns€PNs

After this estimation, we can find the optimal local realistic distribution PJ i that has the minimum distance from our nearly true
probability distribution.

* . * * pItIS (ab|xy)
P{r = argminDxy (Pxg||PLr) = DPayPus(ablxy)log, ( . (C3)
PLREAR a,bz,x,y ’ PR (ab|xy)

According to Ref. [51] after k trials but before the (k+ 1)-st trial the PBR protocol returns a special Bell inequality of the form

(Ri(x)) <1 (C4)
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with Ri(x) nonnegative. Any such sequence of inequalities can be seen as a prediction-based radio (PBR) yielding a valid p
value computed according to

-1
p"ER) = min (HRk_l(m) 1 (C5)
=1

The proof can be found in Ref. [51] Sec.III C.
Once the optimal local realistic distribution P{ g is found, with the local realistic distribution constraint according to Ref. [51]

Lo (ablx;
pleb‘y)pxprR(abh)’) <l1 (C6)
a,bx,y pLR(a ‘xy)

The test statistics R(ABXY) = % can be seen as PBR to perform a hypothesis test of local realism. To avoid the i.i.d.
(independent and identical distribution) assumption in the test, one needs to construct the test statistics R;(A;B;X;Y;) for the i-th
trial before it’s practical outcome, that’s why this method named prediction-based radio method. To realize this prediction, we
divide the total data into 2.4 x 107 trial sized block. For the first data block, we set R(ABXY) = 1. For the following block i we
construct the R;(A;B;X;Y;) based on the frequency distribution of the i — 1 block. With the PBRs constructed, the p value upper
bound of the n trials for rejecting local realism is given by:

-1
n
pa=min [ | [JRi(ABXY:) | 1 (C7)
i=1
where a;b; and x;y; are the measurement outcomes and setting choices at the i-th trial. The results observed in 6 hours with
n =5.32 x 10° show that the p value for obtaining our result by the local realism is upper bounded by 1071348 This shows an
extremely strong evidence against local realism provided by our experiment output.

2. Test of no signaling

We checked whether our experimental data are in agreement with the no-signaling principle by a traditional hypothesis test
with the i.i.d. assumption. In the experiment, there are eight no-signaling conditions: Alice obtains O or 1 under the setting x =0
or 1 is independent of Bob’s setting choice, and Bob obtains 0 or 1 under the setting y = 0 or 1 is independent of Alice’s setting
choice. We don’t mention the situation that Alice(Bob)’s outcomes u because if Alice(Bob) obtains o and e independently, then
we can deduce that she(he) can outcome u freely, too. We construct the test statistics of no-signaling with the method named
two-proportion Z-test. This method is always used to determine whether two samples are drawn from the same population.
Generally, if the p-value is larger than 0.05 we can say no evidence of violating the no-signaling principle by our experimental
data. The p-value that we found is in the following table:

TABLE VI. p values for the hypothesis test of no-signalling

p value output

- out=1 out=0

input
x=0 0.3948 0.7823
x=1 0.7482 0.7729
y=0 0.4667 0.3560
y=1 0.0604 0.9518
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